ABSTRACT. We calculate the Chern classes and Chern numbers for the natural almost Hermitian structures of the partial flag manifolds F n = SU (n + 2)/S(U (n) × U (1) × U (1)). For all n > 1 there are two invariant complex algebraic structures, which arise from the projectivizations of the holomorphic tangent and cotangent bundles of CP n+1 . The projectivization of the cotangent bundle is the twistor space of a Grassmannian considered as a quaternionic Kähler manifold. There is also an invariant nearly Kähler structure, because F n is a 3-symmetric space. We explain the relations between the different structures and their Chern classes, and we prove that F n is not geometrically formal.
INTRODUCTION
This paper discusses the geometry of the homogeneous spaces F n = SU(n + 2)/S(U(n) × U(1) × U(1)) from several points of view. These flag manifolds carry a number of interesting structures that we would like to understand. The relations between the different structures are quite intriguing. Note that F 0 is the 2-sphere, and everything we will say is either trivial or does not apply in this case. Next, F 1 is the manifold of complete flags in C 3 , of real dimension 6. This plays a special rôle in our discussion. The general case begins with F 2 , of real dimension 10. All F n with n ≥ 2 are genuine partial flag manifolds.
We now briefly describe the different geometric features of F n that we shall consider.
Complex structures.
It is a classical fact due to Borel, Koszul and Wang that F n admits at least one invariant Kähler structure. The starting point of this work was an observation of Borel and Hirzebruch [6] , pointing out that F 2 has two different invariant structures as a complex projective variety, for which the values of the Chern number c 5 1 are different. Extending this observation, we shall see that, up to conjugation and automorphisms, each F n with n ≥ 2 has precisely two invariant complex structures. We shall give explicit formulae for their Chern classes and indicate how to calculate the Chern numbers in several different ways. As a particular application of these calculations we will see that the value of the Chern number c 2n+1 1 always distinguishes the two structures. For n ≤ 3 we give the values of all the Chern numbers for the two complex structures.
One way of calculating the Chern numbers is through Lie theory, using the description of Chern classes as polynomials in the roots due to Borel and Hirzebruch [6] . Another way, also used by Hirzebruch in his recent paper [12] , is to look for a geometric interpretation of the complex structures on F n , and to perform the calculations using differential or algebraic geometry. This works out very nicely because the two complex structures on F n are precisely those of the projectivizations of the holomorphic tangent and cotangent bundles of CP n+1 . Moreover, the projectivization of the cotangent bundle carries a tautological complex contact structure, and this identifies it with the total space of a certain S 2 -bundle over the Grassmannian G n = SU(n + 2)/S(U(n) × U(2)),
Date: February 9, 2008; MSC 2000: primary 53C30, 57R20; secondary 14M15, 53C26, 53C55. 1 as first observed by Wolf [30] . With hindsight the Grassmannian is a quaternionic Kähler manifold in the sense of Salamon [23] , and the S 2 -bundle over it is its twistor space. This relates our calculations of Chern numbers for the projectivization of the cotangent bundle of CP n+1 to earlier calculations of the indices of certain elliptic operators on G n , cf. [26] .
Our initial motivation for the calculations of Chern numbers of the complex structures on F n was Hirzebruch's problem asking which linear combinations of Chern numbers are topological invariants of smooth projective varieties or of compact Kähler manifolds. This problem, originally raised in [11] , was recently resolved completely in complex dimensions strictly smaller than 5, see [16] , and we hope that the calculations performed in this paper will be useful in studying this problem in higher dimensions. The calculations in complex dimension 5, that is for F 2 , summarized in the table in Figure 1 might lead one to speculate about what happens for arbitrary n. In order to test such speculations we completed all the calculations for n = 3, that is in complex dimension 7. They are summarized in the table in Figure 2 at the end of the paper. We also give closed formulae for a few Chern numbers for arbitrary n in Theorems 3 and 4. Nevertheless, we do not pursue the applications to Hirzebruch's problem here.
1.2.
Generalized symmetric spaces and geometric formality. According to Gray [9] , compare also [27] , every F n endowed with the normal homogeneous metric induced by the Killing form is a 3-symmetric space. Generalizing the definition of symmetric spaces, this means that for every p ∈ F n there is a globally defined isometry θ : F n → F n having p as an isolated fixed point and satisfying θ 3 = Id. More general k-symmetric spaces are defined in the same way by requiring θ to be of order k.
A closed manifold is called geometrically formal if it admits a Riemannian metric for which all wedge products of harmonic forms are harmonic; cf. [15] . Compact symmetric spaces provide examples of geometrically formal manifolds because the harmonic forms for an invariant metric are precisely the invariant forms. This is no longer true for k-symmetric spaces with k > 2. In [17] we showed that the structure of the cohomology ring of many k-symmetric spaces of the form G/T , where T ⊂ G is a torus, is incompatible with geometric formality. We will generalize the arguments from [17] , which in particular showed that F 1 is not geometrically formal, to show that F n is not geometrically formal for all n ≥ 1. Thus no Riemannian metric on F n has the property that the harmonic forms are a subalgebra of the de Rham algebra. For invariant metrics this is not hard to see, and is of interest in the context of Arakelov geometry, cf. [18] .
1.3. Nearly Kähler structures. The order 3 symmetry θ of the normal homogeneous metric g on F n can be identified with an automorphism of G = SU(n + 2) fixing the subgroup H = S(U(n) × U(1) × U(1)). The derivative of θ, also denoted θ, acts as an automorphism of the Lie algebra g with fixed point set h. Although θ − Id is not invertible on g, it is invertible on T p F n = g / h. Therefore, FIGURE 1. The Chern numbers of the invariant almost Hermitian structures on F 2
Gray [9] proved that the canonical almost complex structure of a 3-symmetric space is nearly Kähler, i. e.
for all vector fields v, where ∇ denotes the Levi-Cività connection of g. Conversely, Butruille [7] recently proved that every homogeneous nearly Kähler structure that is not Kähler comes from a 3-symmetric space.
The nearly Kähler structure of a 3-symmetric space is Kähler, meaning ∇ v J θ = 0 for all v, if and only if it is Hermitian symmetric. As F n is not a symmetric space for any n ≥ 1, its nearly Kähler structure can not be Kähler. We will see that the J θ defined above is the unique (up to conjugation) non-integrable invariant almost complex structure on F n . Moreover, this structure is a special case of non-integrable almost complex structures on twistor spaces introduced by Eells and Salamon [8] ; compare also [24, 1, 22] . We shall compute its Chern classes and compare the Chern numbers to those of the integrable Kählerian structures. See Figures 1 and 2 for a summary of these calculations for n = 2 and 3.
Einstein metrics.
It is well known that the six-dimensional flag manifold F 1 has exactly two invariant Einstein metrics, up to scale and isometry; see for example [2, 4, 13] . One of these is Kähler-Einstein, compatible with the essentially unique integrable complex structure, and the other one is non-Kähler, but almost Hermitian. This is the normal metric, which, as explained above, is nearly Kähler because it is 3-symmetric.
For n ≥ 2, there are precisely three invariant Einstein metrics on F n , up to scale and isometry. This is due to Arvanitoyeorgos [2] and Kimura [13] . Two of the three Einstein metrics are Kähler-Einstein, compatible with the two different invariant complex structures. The third Einstein metric, which is not Kähler, is not the normal nearly Kähler metric. In [9] , Gray had claimed that the normal metric of any 3-symmetric space is Einstein, but, in [10] , he himself corrected this, and mentioned that the normal metric of F 2 is not Einstein. It is a result of Wang and Ziller [29] that the normal metric on F n is not Einstein for all n ≥ 2.
Both the invariant nearly Kähler metric and the invariant Einstein non-Kähler metric on F n are obtained from the Kähler-Einstein metric of the twistor space by scaling the S 2 fibers, but the scaling factor is different for the two metrics; see [1] .
Outline of the paper. In Section 2 we recall some facts from the theory developed by Borel and Hirzebruch in [6] and apply them to determine the invariant almost complex structures of F n and discuss their integrability. In Section 3 we calculate Chern classes and Chern numbers for these structures using Lie theory.
In Section 4 we discuss the complex and the nearly Kähler structures of F n without using Lie theory. Our point of view here is complementary to that of Section 2, and relies on the work of Salamon and his coauthors [23, 24, 8, 19] ; compare also [1, 3, 22] . This section, and Sections 5 to 8 which are based on it, can be read independently of Sections 2 and 3, except for a few isolated remarks aimed at relating the two points of view. In Section 5 we give a simple description of the cohomology ring of F n and use it to prove a general result about Hodge and Chern numbers for arbitrary Kählerian complex structures on manifolds with this cohomology ring, and we also prove that F n is not geometrically formal. Sections 6 to 8 contain calculations of Chern numbers for the three different almost Hermitian structures.
In Section 9 we comment on the relations between the different points of view.
THE LIE THEORY OF GENERALIZED FLAG MANIFOLDS
The partial flag manifolds F n are a special subclass of the so-called generalized flag manifolds, which are homogeneous spaces of the form G/H, with G a compact connected semisimple Lie group and H ⊂ G a closed subgroup of equal rank that is the centralizer of a torus. For such generalized flag manifolds the cohomology ring, the invariant almost complex structures and their Chern classes, their integrability, and the invariant Einstein metrics can be described explicitly in the framework of the theory initiated by Borel and Hirzebruch [6] ; see also [3, 28, 29, 31] . We recall some aspects of this theory relevant to our calculations of Chern numbers on F n . For a different point of view on some of these matters, the reader may consult [21] .
2.1. Some general theory. For a compact homogeneous space G/H as above one has the isotropy representation of H on T eH (G/H), which can be decomposed into a direct sum of irreducible summands. By Schur's lemma a G-invariant metric on G/H restricts to each of the irreducible summands as a constant multiple of the Killing form. Conversely, any choice of positive-definite multiples of the Killing form for each irreducible summand uniquely specifies a G-invariant metric on G/H. The determination of invariant Einstein metrics in [29, 13, 2] proceeds by solving-if possible-the algebraic system for the multiples of the Killing form given by the equation making the Ricci tensor proportional to the metric. For example, if the isotropy representation is irreducible, then the normal homogeneous metric given by the Killing form is Einstein, and is the only invariant Einstein metric. For the partial flag manifolds F n the isotropy representation decomposes into the direct sum of three irreducible summands, one of real dimension 2 and two of real dimension 2n, see (6) below. For F 1 the method of Wang and Ziller [29] yields exactly two non-isometric non-homothetic invariant Einstein metrics, and for F n with n ≥ 2 it yields three; compare [2, 13] .
The invariant almost complex structures on generalized flag manifolds can be enumerated in the same way, as they correspond to complex structures on the vector space T eH (G/H) invariant under the isotropy representation. Note that every generalized flag manifold admits an invariant complex structure, as its isotropy subgroup is the centralizer of a torus. Therefore, again by Schur's lemma, any isotropy invariant complex structure in T eH (G/H) is unique up to conjugation on every irreducible summand of the isotropy representation. Thus, if the isotropy representation decomposes into p irreducible summands, each admitting a complex structure, then the number of invariant almost complex structures on G/H is 2 p . If we identify complex conjugate structures this leaves 2 p−1 invariant almost complex structures, but some of these may still be equivalent under automorphisms of G. For the partial flag manifolds F n we have p = 3, so up to conjugation there are always 2 3−1 = 4 invariant almost complex structures. However, it will turn out that after taking into account automorphisms we are left with only 3 almost complex structures for n ≥ 2. For n = 1 two of the three are equivalent under an additional automorphism that is not present in the general case.
This enumeration of invariant almost complex structures is too crude to determine which ones are integrable, and for the calculation of Chern classes. Following Borel and Hirzebruch [6] one deals with these two points using the roots of the Lie algebra g with respect to a Cartan subalgebra.
Let t ⊂ g be a Cartan subalgebra for g and h . This gives rise to a root space decomposition
where the ±β i are the complementary roots for h ⊂ g. Note that
Now any isotropy invariant complex structure on T eH (G/H) is also invariant under the adjoint representation of a maximal torus, and therefore induces a complex structure on each root space g ±β j . Comparing this orientation on g ±β j with the orientation given by the adjoint representation, one assigns a sign ±1 to g ±β j . Note, further, that each irreducible summand of the isotropy representation is a sum of some of these root spaces. Therefore, invariant almost complex structures on G/H are specified by choices of signs for the complementary roots compatible with the irreducible summands of the isotropy representation.
The following three lemmata are due to Borel and Hirzebruch [6] . 
Lemma 3. ([6], 14.10) Every invariant integrable almost complex structure makes G/H into a rational projective algebraic manifold over C, all of whose cohomology is of Hodge type (p, p).
Remark 1. It is also proved in [6] , 13.7, that if for two invariant complex structures on G/H there is an automorphism of the Cartan algebra t which carries the root system of one structure into that of the other structure and fixes the root system of H, then these two structures are equivalent under an automorphism of G fixing H.
2.2.
Application to the partial flag manifolds F n . We now specialize this general discussion to the consideration of F n with G = SU(n + 2) and H = S(U(1) × U(1) × U(n)). At the level of Lie algebras this means that we consider A n+1 /(t 2 ⊕A n−1 ), with the specific embedding of the subalgebra given by the 3-symmetric structure, see for example [31, 28] .
where
Proof. Let x 1 , . . . , x n+2 be canonical coordinates on the maximal Abelian subalgebra of A n+1 with x 1 + . . . + x n+2 = 0. Analogously, let x, y be linear coordinates on t 2 and y 1 , . . . y n canonical coordinates on A n−1 with y 1 + . . . + y n = 0. It is not hard to see that the relations between x 1 , . . . , x n+2 and x, y, y 1 , . . . , y n are as follows (cf. [28] ):
Cartan's theorem on the cohomology of compact homogeneous spaces together with the relations (3) implies that for G = SU(n + 2) and H = S(U(1) × U(1) × U(n)) the cohomology ring of the quotient is given by (1) and (2).
The relations P k for k = 2, . . . , n eliminate the cohomology generators
is generated by the two generators x and y of degree 2, with relations in degrees n + 1 and n + 2.
Lemma 4.
The complementary roots for A n+1 with respect to t 2 ⊕A n−1 are, up to sign, the following:
x n+1 − x n+2 = 2y − x , and
Proof. The roots for the algebra A n+1 are ±(x i − x j ), 1 ≤ i < j ≤ n + 2, and for the subalgebra A n−1 the roots are ±(y i − y j ), 1 ≤ i < j ≤ n . Using the relations (3), we can express the roots for A n+1 in the form
From this it is clear that the complementary roots are given by (4) .
We now deduce the following classification of invariant almost complex structures.
Proposition 2. The homogeneous space F n admits at most three invariant almost complex structures I, J andĴ, up to equivalence and conjugation. Their roots are:
I :
The structures I and J are integrable, andĴ is not.
We will see that for n = 1 the integrable structure I is equivalent to the complex conjugate of J under an automorphism, whereas for n ≥ 2 this is no longer true; in fact the different integrable structures are then distinguished by their Chern classes. The non-integrable invariant almost complex structure is the natural nearly Kähler structure arising from the 3-symmetric structure, as discussed in Subsection 1.3 above.
Proof. From the description of the complementary roots in Lemma 4 it follows that the isotropy representation decomposes into the direct sum of the following three irreducible summands:
It follows that, up to conjugation, there are 4 invariant almost complex structures. Their roots are given by choosing signs for the irreducible summands of the isotropy representation. Up to conjugation, we may take the following signs:
The invariant almost complex structures given by the first three choices are integrable by Lemma 1, as their roots correspond to the orderings x 1 < . . . < x n+1 < x n+2 , x 1 < . . . < x n+2 < x n+1 and x n+2 < x 1 < . . . < x n+1 , respectively. Moreover, the automorphism of the maximal Abelian subalgebra for A n+1 given by interchanging x n+1 and x n+2 maps the complementary roots of the first structure to the complementary roots of the second structure and leaves the root system of A n−1 invariant. Therefore, it follows from Remark 1 that these two structures are equivalent under an automorphism of the homogeneous space.
The fourth structure is not integrable, as there is no ordering on the coordinates x 1 , . . . , x n+2 for which the roots defining this structure are positive.
Thus there are two integrable and one non-integrable invariant almost complex structure on F n . The roots in (5) arise from (a) for I, (c) for J and (d) forĴ by combining (6) (with the appropriate signs) with (4).
CHERN NUMBERS FROM LIE THEORY
We now calculate certain Chern classes and Chern numbers of the invariant almost complex structures on F n using Lie theory. Example 1. The first Chern classes for the structures I, J andĴ are obtained immediately from Lemma 2 using the description of the corresponding roots in Proposition 2. The result is: c 1 (I) = (n + 1)x + 2y, c 1 (J) = (n + 1)(x − 2y), c 1 (Ĵ) = (n − 1)(x − 2y) . Example 2. The cohomology relation P 2 from (2) gives that
Using this, we compute the second Chern classes for the invariant almost structures using Lemma 2 and the description of their roots given by Proposition 2. The result is:
Remark 2. Proposition 2 implies that for even n the structures I andĴ define the same orientation on F n , while J defines the opposite orientation. For odd n, the orientations given by I and J are the same, while the one given byĴ is different. This fact will show up in the sign of their top Chern classes in the calculations we provide below for n = 2 and n = 3.
To calculate Chern numbers explicitly we now consider the cases where n is small.
3.1.
The complete flag manifold F 1 . The case n = 1 is special because the three irreducible summands of the isotropy representation are all of the same real dimension equal to two. The map interchanging x 1 and x 2 but fixing x 3 defines an automorphism of A 2 fixing the Abelian subalgebra t 2 which interchanges the invariant complex structure I and the complex conjugate of J on F 1 . It follows in particular that they have the same Chern numbers. In this case the two cohomology generators x and y satisfy the relations y 2 − xy + x 2 = 0 and −y 3 + (y − x) 3 + x 3 = 0 obtained from (2) by setting k = 1 and k = 2 respectively. The second relation simplifies to xy 2 = x 2 y, which together with the first relation implies x 3 = y 3 = 0. Using the relations we find, in addition to c 1 (I) = 2(x + y) from Example 1, that c 2 (I) = 6xy and c 3 (I) = 6x 2 y. Clearly the topological Euler characteristic is 6, so x 2 y = xy By the discussion in Subsection 1.3, the non-integrable invariant almost complex structureĴ is nearly Kähler because A 2 and t 2 form a 3-symmetric pair. It is a result of Gray [10] that every non-Kähler nearly Kähler manifold of real dimension 6 has vanishing first Chern class.
3.2. The case n = 2. This is the example mentioned first by Borel and Hirzebruch in [6] , 13.9 and 24.11, and then in [12] . There only the values of c 5 1 are given for two different invariant complex structures. These are the I and J discussed above, and we now give complete calculations for their Chern numbers. 8 The formula (2) for the cohomology relations gives, for k = 2, that y 1 = z satisfies
2 − 2xy + 2y 2 ). Therefore, using again (1) and (2), we see that the generators x and y of the cohomology algebra of F 2 satisfy the relations
This gives the following relations in top degree cohomology:
Using Lemma 2 and the relations in cohomology we find that the Chern classes of I are as follows:
Since the Euler characteristic of this space is 12, we obtain the Chern numbers given in the first column of the table in the introduction. For J we find in the same way
Multiplying out and using the relations in cohomology this leads to the Chern numbers given in the second column of the table in Figure 1 . There are several ways to check that we have not made numerical mistakes in the calculations. First of all, as explained in Sections 6 and 7 below, all these numbers can be calculated in a completely different way without using Lie theory, and that calculation leads to the same results. Second of all, the Chern numbers must satisfy certain relations imposed by the Hirzebruch-RiemannRoch theorem. For the arithmetic genus of our five-fold F 2 , HRR gives
The left hand side is = 1 because all the cohomology is of type (p, p) by Lemma 3. Substituting the values of the Chern numbers computed above into the right hand side provides a non-trivial consistency check.
In the same way as we did the calculation for the integrable structures, we can also compute the Chern classes for the non-integrable invariant complex structureĴ:
This gives the Chern numbers in the third column of the table in Figure 1 . 9 3.3. The case n = 3. Now we consider F 3 , of real dimension 14. From (1) it follows that its real cohomology algebra has two generators x and y of degree 2 and the relations in degree 4 and 6 are
Taking into account these expressions, the relations in degree 8 and 10 produce the following relations between x and y:
Therefore in degree 12 we get that x and y satisfy the following relations:
This implies that in top degree cohomology we have
From Lemma 2 and the cohomology relations we find for I: Now by a direct calculation one can obtain all the Chern numbers for I in this case. These are the numbers contained in the first column of the table in Figure 2 . We can also calculate the Chern classes and Chern numbers for J and forĴ in the same way. We obtain that the Chern classes for J are:
ForĴ the Chern classes are given by:
The Chern classes for J andĴ lead to the second and third columns in the table in Figure 2 . 10 
THE COMPLEX GEOMETRY OF F n
We now give geometric descriptions of the almost Hermitian structures of F n without using Lie theory or Gray's results on the structure of 3-symmetric spaces.
We think of F n as being a partial flag manifold, as follows:
This has a natural complex projective-algebraic structure with ample anti-canonical bundle and a Kähler-Einstein metric of positive scalar curvature. With respect to this complex structure, there are two forgetful holomorphic maps, mapping a pair (L, P ) to either L or P . On the one hand, the map to L gives a fibration p :
exhibiting F n as the projectivized tangent bundle of CP n+1 . On the other hand, the map (L, P ) → P defines a holomorphic fibration π :
where G n = Gr 2,n is the Grassmannian of complex 2-planes in C n+2 . The fiber of π is CP
has a homogeneous complex structure, which is unique up to conjugation. With respect to this structure G n is a Hermitian symmetric space and carries a Kähler-Einstein metric. This metric is quaternionic Kähler in the sense of Salamon [23] , meaning that its reduced holonomy group is contained in Sp(n) · Sp(1), the quotient of Sp(n) × Sp(1) by the subgroup {±(1, 1)} ∼ = Z 2 . Moreover, the scalar curvature of this metric is positive.
To any quaternionic Kähler 4n-manifold M with positive scalar curvature, Salamon [23] associates a twistor space Z, which is the total space of a certain S 2 -bundle over M, together with a complex structure J and compatible Kähler-Einstein metric g of positive scalar curvature on the total space, with the following properties, see [23, 19] :
• the projection π : Z −→ M is a Riemannian submersion with totally geodesic fibers of constant Gaussian curvature, • the fibers of π are holomorphic curves in Z (although M is not usually complex, so that π is not holomorphic in any sense), and • the orthogonal complement D of the tangent bundle along the fibers T π is a holomorphic contact distribution. Just like in the real case, a contact distribution is a maximally non-integrable hyperplane distribution. Given D ⊂ T Z, let L = T Z/D be the quotient line bundle and α : T Z −→ L the projection with kernel D. The maximal non-integrability of D means that if we think of α as a one-form with values in L, then the (2n + 1)-form α ∧ (dα)
n with values in L n+1 is no-where zero. Thus α ∧ (dα) n is an isomorphism between the anti-canonical bundle K −1 and L n+1 . In particular c 1 (Z) = c 1 (K −1 ) = (n + 1)c 1 (L). This relation, for arbitrary holomorphic contact manifolds, was already observed by Kobayashi [14] .
As the fibers of π are holomorphic curves in Z, the tangent bundle along the fibers T π is a complex line bundle over Z. The projection α gives an isomorphism between T π and L. Thus, disregarding the holomorphic structure, we have an isomorphism T Z ∼ = L ⊕ D of complex vector bundles over Z.
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Following Eells and Salamon [8] one can define another almost Hermitian structure (Ĵ,ĝ) on Z as follows. With respect toĝ the subbundles T π and D of T Z are orthogonal, andĝ agrees with g on D. For v, w ∈ T π we defineĝ(v, w) = 1 2 g(v, w). The subbundles T π and D of T Z are invariant underĴ, andĴ agrees with J on D and agrees with −J on T π. According to [1, 22] , the pair (Ĵ,ĝ) satisfies (∇ vĴ )v = 0 for all vector fields v, where ∇ denotes the Levi-Cività connection ofĝ. This precisely means that (Ĵ,ĝ) is a nearly Kähler structure in the sense of Gray [10] . Note that by the definition ofĴ, the complex vector bundle (T Z,Ĵ) is isomorphic to L −1 ⊕ D. This will allow us to determine the Chern classes of the nearly Kähler structure from those of the twistor space structure.
THE COHOMOLOGY RING AND SOME CONSEQUENCES
We can easily describe the cohomology ring of F n explicitly using its description as the projectivization of the tangent bundle of CP n+1 .
Proposition 3.
The cohomology ring of F n is generated by two elements x and y of degree 2, subject to the relations
Proof. Consider the fibration p : F n → CP n+1 given by the projectivization of the tangent bundle of CP n+1 . Let x = p * (H) denote the pullback of the hyperplane class. Then x n+2 = 0 for dimension reasons. Let y be the tautological class on the total space, restricting to the hyperplane class on every fiber. By the Leray-Hirsch theorem the cohomology ring of F n is a module over the cohomology ring of CP n+1 , generated by the class y. The definition of Chern classes shows
where the c i are the pullbacks to the total space of the Chern classes of the base. As the total Chern class of CP n+1 is given by (1+H) n+2 , the relation (8) can be rewritten as ((x+y) n+2 −x n+2 )/y = 0.
The Proposition holds for integral coefficients, so the class x n+1 y n generates the top degree integral cohomology of F n . Monomials of the form x m y 2n+1−m vanish if m > n + 1. The remaining relations in top degree are given explicitly by
This can easily be derived from (7) by induction on k.
The Poincaré polynomial of F n is (10)
Therefore the Betti numbers of F n are
and zero otherwise. Note that additively the cohomology of F n is the same as that of CP n ×CP n+1 , but the ring structure is different.
Failure of geometric formality.
Recall that a closed manifold is called geometrically formal if it admits a Riemannian metric for which wedge products of harmonic forms are harmonic; cf. [15] . We now prove the following: Theorem 1. For all n ≥ 1, any closed oriented manifold M with the cohomology ring of
This is a consequence of the ring structure on cohomology, bringing out the difference between F n and CP n × CP n+1 . The latter is a symmetric space, and therefore geometrically formal. The case n = 1 was proved in [17] , where we also considered other homogeneous spaces G/H where H is a torus. The following proof shows that the arguments of [17] apply much more generally.
Proof. Let x and y ∈ H 2 (M; Z) be as in Proposition 3, so that x n+1 y n is a generator for the top cohomology of M. We can use x and z = x + y as a basis for the cohomology. Then z n+2 = 0 by Proposition 3, but
by (9) . Suppose now that M was geometrically formal. Then, identifying the harmonic forms for a formal metric with their cohomology classes, the above relations hold for the harmonic forms. Thus x n+2 = z n+2 = 0, but both x n+1 and z n+1 are nowhere zero, because x n+1 y n = −x n z n+1 is a volume form. Thus both x and y are closed 2-forms of rank 2n + 2, with kernels of rank 2n. Now rewriting (8) in terms of x and z we obtain
at the level of forms. Contracting this equation with a local basis v 1 , . . . , v 2n for the kernel of x, we find
Next, contract this equation with w in the kernel of z, to obtain
This implies that x n+1 z n cannot be a volume form, contradicting the metric formality of M. 
The statement about the Hodge structure is a generalization of the corresponding statement for homogeneous complex structures in Lemma 3. Formula (13) does not hold for a non-integrable nearly Kähler structure, see (30) below.
Proof. For any Kähler manifold with the same cohomology ring as F n we have h 1,1 + 2h
As h 1,1 ≥ 1 and b 2 = 2, we conclude h 1,1 = b 2 = 2, and h 2,0 = 0. By Proposition 3 the cohomology ring is generated by H 2 (M) = H 1,1 (M), and so all the cohomology is of type (p, p).
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The top Chern number c 2n+1 is just the topological Euler number P Fn (−1) = (n + 1)(n + 2). It is known that for any compact complex manifold of complex dimension m the Chern number c 1 c m−1 is determined by the Hodge numbers, see [20, 25] . As our F n of complex dimension 2n + 1 has the same Hodge numbers as the product CP n × CP n+1 , we conclude c 1 c 2n (M) = c 1 c 2n (CP n × CP n+1 ). The value of this last Chern number on CP n × CP n+1 can be determined by a standard calculation. Alternatively, Proposition 2.3 of Libgober and Wood [20] gives (14) 
As all the cohomology is of type (p, p) we obtain
Substituting the values of the Betti numbers from (11), and plugging the result into (14), a lengthy calculation involving identities for sums of binomial coefficients leads to (13) .
The other Chern numbers are not in general determined by the Hodge numbers, and may vary with the complex structure under consideration. We carry out the relevant calculations in the next two sections.
CHERN NUMBERS FOR THE STANDARD COMPLEX STRUCTURE
Here is the general formula for the Chern classes of the standard complex structure on F n : Proposition 4. The total Chern class of F n is
Proof. The fibration p : F n → CP n+1 is holomorphic, so we can calculate c(F n ) as the product of the total Chern classes of p * (T CP n+1 ) and of T p, the tangent bundle along the fibers. As mentioned above, the total Chern class of p
. For the calculation of c(T p) consider the exact sequence
where L is the fiberwise hyperplane bundle on the total space. As c 1 (L −1 ) = −y, we can write formally
Combining this with Proposition 3, one can calculate all the Chern numbers of F n . The calculation is completely elementary, but very tedious. It gives results like the following: Theorem 3. For the standard complex structure on F n , the projectivization of the tangent bundle of CP n+1 , we have
Proof. From Proposition 4 we have
Using the relations x n+2 = 0 = (x + y) n+2 and (9), this gives c 2n+1 1
A similar calculation proves (17) using the expression
obtained from Proposition 4.
For n = 1 Theorem 3 gives c 3 1 (F 1 ) = 48 and c 1 c 2 (F 1 ) = 24. The latter value is actually determined by the Hodge numbers, and can be obtained from (13) as well.
6.1. The case n = 2. Here Theorem 2 gives c 5 (F 2 ) = 12 and c 1 c 4 (F 2 ) = 108. Theorem 3 gives us c 5 1 (F 2 ) = 4500, which checks with the value given in [6, 12] , and c We do this in some detail in order to illustrate some shortcuts in calculations making Proposition 4 explicit. These shortcuts are useful when calculating for F n with larger n.
The tangent bundle of F n has a complex splitting into p * (T CP n+1 ) and T p, which have almost equal ranks. Therefore, computing certain Chern classes of F n using the Whitney sum formula there are not too many summands. By the proof of Proposition 4, the total Chern class of T p is
However, as the rank of T p is n, we can truncate this at terms of degree n. In the case at hand n = 2, and we have c(T p) = 1 + (4x + 3y) + (6x 2 + 8xy + 3y 2 ) .
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Combining this with c(p * (T CP n+1 )) = 1 + 4x + 6x 2 + 4x 3 and using the Whitney sum formula, we find
Multiplying out using x 4 = 0, and substituting from (9), we quickly obtain the numbers given in the first column of the table in the introduction. Figure 2 . We shall not reproduce the details of the calculation here, but we mention some of the intermediary steps.
Here T F 3 = p * (T CP 4 ) ⊕ T p splits as a direct sum of complex vector bundles of rank 4 and 3 respectively. To find the Chern classes of T p we look at c(T p) = (1 + x + y) 5 
+ y
and ignore all terms of degree larger than 3 to obtain c(T p) = 1 + (5x + 4y) + (10x 2 + 15xy + 6y 2 ) + (10x 3 + 20x 2 y + 15xy 2 + 4y 3 ) .
Multiplying (1 + x) 5 with c(T p) and using x 5 = 0 together with (9), we find, in addition to c 1 (F 3 ) = 10x + 4y and c 2 (F 3 ) = 45x 2 + 35xy + 6y 2 , which were already mentioned in the proof of Theorem 3, the following: Multiplying out and again using (9), we obtain the numbers given in the table in Figure 2 .
CHERN NUMBERS OF THE TWISTOR SPACE
Let us denote by Z n the twistor space of the Grassmannian G n . Then Z n is diffeomorphic to F n , the projectivization of T CP n+1 , but has a different complex structure, as described in Section 4. The complex structure of the twistor space is in fact given by the projectivization of the cotangent bundle of CP n+1 , and the holomorphic contact structure of the twistor space mentioned in Section 4 is the tautological contact structure of P(T * CP n+1 ); see [5, 30, 24, 19] . To calculate the Chern numbers of Z n = P(T * CP n+1 ) we shall follow the same approach as for the projectivization of the tangent bundle. First we write down the cohomology ring in a way which is adapted to the projectivization of the cotangent bundle:
Proposition 5. The cohomology ring of Z n is generated by two elements x and z of degree 2, subject to the relations (18) x n+2 = 0 , (x − z) n+2 − x n+2 z = 0 .
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We omit the proof because it is exactly the same as that of Proposition 3. The Proposition holds for integral coefficients, so the class x n+1 z n generates the top degree integral cohomology of Z n . Monomials of the form x m z 2n+1−m vanish if m > n + 1. The remaining relations in top degree are given explicitly by (19) x n+1−k z n+k = n + 1 + k k x n+1 z n for k ≤ n + 1 .
This can easily be derived from (18) by induction on k.
Next we determine the total Chern class of Z n . Again we omit the proof, because it is exactly the same as the proof of Proposition 4.
Remark 3. The complex anti-linear isomorphism between T CP n+1 and T * CP n+1 induces a diffeomorphism between F n and Z n which pulls back x to x and z to −y. In the basis x and y which we used for F n , the total Chern class of Z n is:
Note that the relations in the cohomology ring are neater when expressed in terms of x and z, rather than in terms of x and y. On the top degree generators, x n+1 z n is pulled back to (−1) n x n+1 y n . Thus, the diffeomorphism is orientation-preserving if and only if n is even. For n odd we get different generators in top degree, and we may have to replace one of the complex structures by its conjugate to get the same orientation.
Combining Propositions 5 and 6, one can calculate all the Chern numbers of Z n . The calculation is again completely elementary, but rather tedious, although it is a little less so than for the standard complex structure, due to the more convenient presentation of the cohomology ring, and an easier to handle formula for the first Chern class. This calculation leads to results like the following: Theorem 4. For the projectivization Z n of the cotangent bundle of CP n+1 , we have
